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I. Introduction

O NE of the main reasons for the recent popularity of the use of
piezoelectric materials as both actuator and sensor is their

versatility and ef� ciency in transforming mechanical energy to
electrical energy and vice versa. Basic mechanics models for the
interaction of beams, coupled with piezoelectric actuators and sen-
sors, either surface bonded on or embedded in the host beam struc-
ture, have been proposed by several researchers.1 ¡ 4 Crawley and
de Luis3 developeda uniform strain model for a beam with surface-
bonded and embedded piezoelectric actuator patches. Crawley and
Anderson5 later deducedthe mechanicsmodel for the coupledstruc-
ture based on an Euler beam assumption of the displacement � eld.
Leibowitz and Vinson6 provided a generalmodel in which the elas-
tic layers, soft-core layers, or piezoelectric layers are included by
using the Hamilton principle. These models commonly assumed
a linear distribution for the electric potential in the transverse di-
rection, which inevitably violates Maxwell’s electric equation. To
overcome this, Krommer and Irschik7 suggested a parabolic distri-
bution, whereas Lee and Lin8 assumed a full-cycle sine distribution
for theelectricpotentialin wavepropagationproblems in platestruc-
tures. Wave propagationin uncoupledbeams has long been studied,
where dispersion relations based on Euler, Rayleigh, Timoshenko,
and exact theories have been presented.9

The objective of this Note is to present results of dispersionwave
propagation curves for beams with surface-bonded piezoelectric
players. The qualitative effect of the coupled piezoelectric mate-
rials on wave propagation in beams studied herein will serve as a
reference for further analyses of wave propagation in piezoelec-
tric coupled structures. Two models of beam theory are explored,
namely, Euler and Timoshenko.10 Both models assume that plane
sections remain plane, but in Euler beam theory the sections remain
perpendicular to the neutral axis. This assumption is removed in
Timoshenko beam theory10 to account for the effect of shear. The
dispersion curves for different thickness ratios between the piezo-
electric layer and host beam structure are obtained by assuming a
half-cycle cosine potentialdistributionin the transversedirectionof
the piezoelectric material. In addition, the phase velocity for wave
number approachingin� nity and the cutoff frequenciesbased on the
Timoshenko beam model are also presented.

II. Electric Fields in the Coupled Beam
Figure1 shows the layoutof a surface-mountedpiezoelectriccou-

pled beam with total thickness2h. The width is assumed to be unity
for convenience,without loss of generality.Each piezoelectriclayer
has a thickness of h1 and has an electrode mounted on the external
surface for applying external electric voltage to actuate the struc-
ture. When an external electric voltage is applied, the electric po-
tential distributionon the surface of the electrode remains constant.
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Fig. 1 Beam structure with surface-mounted piezoelectric layers.

When electrodes at the two surfaces of the piezoelectric layer are
connected, the electric potential is zero throughout the surfaces.
As stated earlier, most recent published papers assumed a constant
electric � eld across the thicknessof the piezoelectricmaterial and a
uniform distribution of the electric potential in the longitudinal di-
rection.By the assuming of sinusoidalelectric potentialdistribution
in the transverse z direction, not only is Maxwell’s static electric-
ity equation not violated, but the corresponding distribution of the
electric potential in the longitudinal direction can be solved.11 In
this Note, a half-cycle cosine distribution for the electric potential
in the transverse z direction is assumed, which is more appropriate
for beam vibration in the � exural mode.7 For the general case, the
potentialfunction, assuming a combined cosine and linear variation
of electric potential in the transverse z direction, can be written as

u = u (x , z, t ) = ¡ cos( p zl / h1) ¢ ¯u (x)ei x t + (2z1 / h1) u aei x t

(1a)

where zl is measured from the center of the piezoelectric layer in
the global z direction, h1 is the thickness of the layer, ¯u (x) is the
spatial variation of the electric potential in the global x direction,
and u a is the value of external electric voltage applied to the elec-
trodes. From Eq. (1a), we can see that the electric potentials at the
two surfacesof the piezoelectriclayer, that is, z1 = §h1 , are exactly
the electric voltage § u a applied to the electrodes.When there is no
externalelectricvoltageapplied to the electrodes,the electricpoten-
tials at the surfaces of the layer are zero, which can be seen clearly
from Eq. (1a). Because this Note addresses only wave propagation
analysis, Eq. (1a) can be simpli� ed as

u = ¡ cos( p zl / h1) ¢ ¯u (x)ei x t (1b)

in which the distribution function ¯u (x) will be obtained from the
coupling equation derived hereafter.

The spatial amplitudeof the electric � eld Ē and electric displace-
ment D̄ are then written as

Ēx = cos
p zl

h1
¢

@ ¯u

@x
(2)

Ēz =
p

h1
sin

p zl

h1

¯u (3)

D̄x = N 11 Ēx (4)

D̄z = N 33 Ēz + E pd31 ¯e x (5)

where N 11 , Ēx , N 33 , and Ēz are the dielectric constant and electric
� eld of the piezoelectric layer in the x and z directions, respec-
tively; D̄x and D̄z are the correspondingelectric displacements; E p

is the Young’s modulus of the piezoelectric layer in its longitudinal
x direction; and d31 is the piezoelectric strain coef� cient. Next, the
displacement � eld for the two beam models will be discussed.

III. Wave Propagation Based on Euler Beam Model
For a long and thin beam, Euler theory is usually assumed, and

the displacement � eld can be expressed as

uz = ū(x)ei x t (6)

ux = ¡ z
@ū(x)

@x
ei x t (7)
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where uz and u x are the displacements in the transverse z direction
and longitudinal x direction of the beam, respectively, and x is the
natural frequency of the beam. Note that ū(x) must satisfy the me-
chanical boundary conditions, which are speci� c to each problem.
For example, ū(x) and its second derivative at the boundary are all
zero for a simply supported boundary condition.

The polingdirectionof the piezoelectricmaterial is assumed to be
in the direction of the transverse displacement of the beam. When
voltages of equal magnitude but opposite sign are applied to the
upperand lower piezoelectriclayersof thebeam, a differentialstrain
is induced, resulting in bending of the beam. The amplitude of the
strain e and stress r in the beam and piezoelectric layer may be
deduced accordingly as

¯e x = ¡ z
@2 ū

@x2
(8)

¯r 1
x = ¡ Ez

@2ū

@x2
(9)

¯r 2
x = ¡ E pz

@2ū

@x2
¡ E pd31 Ez (10)

where the superscripts1 and2 representthevariablesin thebeamand
piezoelectricmaterial, respectively; the overbar denotes the spatial
part of the dynamic variable; and E is Young’s modulusof the beam
material.

The moment caused by the stresses is expressed, in view of Eqs.
(3), (9), and (10), as

Mx = 2
h ¡ h1

0

z ¯r 1
x dz +

h

h ¡ h1

z ¯r 2
x dz = ¡ A1 ¯u ¡ B1

@2ū

@x2

(11)

where

A1 = ¡ 2E pd31
p

h1

h

h ¡ h1

z sin
p (z ¡ h + h1 /2)

h1
dz = ¡

4E pd31h1

p
(12)

B1 = 2 E
h ¡ h1

0

z2 dz + E p

h

h ¡ h1

z2 dz

=
2

3
E h3 ¡ 3hh2

1 + 3h2h1 ¡ h3
1

+ E p 3hh2
1 ¡ 3h2h1 + h3

1 (13)

Substituting Eq. (11) into the Euler beam equilibrium equation,

q A
@2u

@t2
=

@2 M

@x2

c̄ = ¯c ¡
A1 E1

D1h2 ¡ C1 ¯c 2
+

B1

h2
E 2h ¡ 2h1 +

2 ¯q h1

q

= ¯c
2E2

pd2
31r

3

N 33 p + N 11r 2 ¯c 2
+

2

3
E(1 ¡ r )3 + E p(3r ¡ 3r 2 + r 3) E 2 ¡ 2r +

2 ¯q

q
r (24)

gives

A1
@2 ¯u

@x2
+ B1

@4 ū

@x4
+ [ q (2h ¡ 2h1) + 2 ¯q h1]( ¡ x 2)ū = 0 (14)

From the Maxwell equation,
h

h ¡ h1

r D̄ dz = 0

and in view of Eqs. (4) and (5), we have

C1
@2 ¯u

@x2
+ D1 ¯u + E1

@2 ū

@x2
= 0 (15)

where

C1 = N 11

h

h ¡ h1

cos
p (z ¡ h + h1 / 2)

h1
dz =

2 N 11h1

p
(16)

D1 = ¡ N 33
p

h1

2 h

h ¡ h1

cos
p (z ¡ b ¡ h1 /2)

h1
dz = ¡

2N 33 p

h1

(17)

E1 = ¡ E pd31

h

h ¡ h1

dz = ¡ E pd31h1 (18)

For wave propagation in an in� nite beam, the solutions are as-
sumed to take the following form:

u(x , t) = Uei( c x ¡ x t ) (19a)

u (x , t ) = U ei( c x ¡ x t) (19b)

Introducing Eq. (19) into Eqs. (14) and (15) yields

¡ c 2 A1 U + B1 c
4 ¡ x 2[q (2h ¡ 2h1) + 2 ¯q h1] U = 0 (20a)

¡ C1 c
2 U + D1 U ¡ E1 c

2U = 0 (20b)

From Eq. (20b),

U =
E1 c 2

D1 ¡ C1 c 2
U (21)

and the resulting relation between frequency and wave number is

¡
A1 E1 c

4

D1 ¡ C1 c 2
+ B1 c 4 ¡ x 2 q (2h ¡ 2h1) + 2 ¯q h1 = 0 (22)

By the substitution of x = c c , the relation between phase velocity
and wave number is obtained:

¡
A1 E1 c 2

D1 ¡ C1 c 2
+ B1 c 2 ¡ c2 q (2h ¡ 2h1) + 2 ¯q h1 = 0 (23)

Using the nondimensional expressions c = ¯c / h and c =
c̄

p
(E / q ), we have the phase velocity as

where r = h1 / h. With the material properties of the host structure
and piezoelectric layer shown in Table 1, the dispersion curves
(nondimensionalphase velocityagainstnondimensionalwave num-
ber) are plotted in Fig. 2 for r =0, 0.1, 0.2, 0.3, and 0.4. The result
shows that the phase velocity/wave number relationship in a piezo-
electric coupled beam is virtually linear with the slope decreasing
as h1 increases.The difference when the piezoelectric layer is con-
sidered and omitted is not negligible.
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IV. Wave Propagation Based on Timoshenko
Beam Model10

In the Euler beam model, the effects of rotary inertia and shear
deformation are neglected. In 1894, Rayleigh12 corrected for the
effect of rotary inertia. Subsequently, Timoshenko10 included both
effects of shear and rotary inertia and obtained results of wave prop-
agation in better agreement with those using exact theory. A new
variable } is introducedto measure the slopeof the cross section due
to bending, and the displacement and strain � eld in the x direction
is modi� ed as

ux = ¡ z ¯} (x)ei x t (25)

¯e x = ¡ z
@ ¯} (x)

@x
(26)

The correspondingstress components are written as

¯r 1
x = ¡ Ez

@ ¯} (x)

@x
(27)

¯r 2
x = ¡ E pz

@ ¯} (x)
@x

¡ E pd31 Ez (28)

Given the same electrical potential distribution as in the Euler
beam model, the components of moment and shear force are ob-
tained as

Mx = 2
h ¡ h1

0

z ¯r 1
x dz +

h

h ¡ h1

z ¯r 2
x dz = ¡ A1 ¯u ¡ B1

@ ¯}

@x

(29)

V = ( AG)c j
@ū(x)

@x
¡ ¯} (x) (30)

Table 1 Material properties ( N 0 = 8:854 £ £ 10¡ 12 F/m)

Parameter Host structure Piezoelectric layer

Height, m 0.01 ——
Young’s modulus E p , N/m2 78.0 £ 109 69.0 £ 109

Poisson’s ratio 0.29 0.35
Mass density, kg/m3 7.8 £ 103 7.4 £ 103

d31 , C/N —— ¡ 179 £ 10 ¡ 12

N 11 / N 0 —— 200
N 33 / N 0 —— 195

Fig. 2 Dispersive curves in Euler beam model:r , r = 0; j , r = 0:1; m , r = 0:2; j , r = 0:3; and j , r = 0:4:

where (G A)c = Gh (2h ¡ 2h1) + 2G ph1, Gh =[E / 2(1 + t )] is the
shear modulus of the host structure, G p = [E p / 2(1 + ¯t )] the shear
modulus of piezoelectric layer, where ¯t is Poisson’s ratio of the
piezoelectric layer, and j is the shear effect that is taken as 0.833
for a rectangular cross section.

The governing equations using Timoshenko beam model are
given as10

@V

@x
+ q = ( q A)c

@2u

@t 2
(31)

V ¡
@Mx

@x
= ( q I )c

@2 }

@t 2
(32)

where ( q A)c = q (2h ¡ 2h1) + 2 ¯q h1 and ( q I )c = 2
3
q (h ¡ h1)3

+ 2
3 ¯q h3 ¡ (h ¡ h1)3 .

When wave propagation is considered in an in� nite Timoshenko
beam,10 the expression for } is given as

} = W ei( c x ¡ x t) (33)

Substituting Eqs. (29), (30), and (33) into Eqs. (31) and (32) gives

(G A)c j
@ ¯}

@x
¡

@2 ū

@x2
¡ ( q A)c x

2ū = 0 (34)

(G A)c j
@ū

@x
¡ ¯} + B1

@2 ¯}

@x2
+ A1

@ ¯u

@x
+ ( q I )c x

2 ¯} = 0 (35)

The Maxwell equation remains similar to Eq. (15), except for the
last term.

Substituting Eqs. (19) and (33) into Eqs. (15), (34), and (55), we
have

(G A)c j c 2 ¡ ( q A)c x
2 U + i (G A)c j c W = 0 (36)

i (G A)c j c U ¡ (G A)c j + B1 c
2 ¡ ( q I )c x

2 W + i A1 c U = 0

(37)

¡ c 2C1 U + D1 U + i E1 c W = 0 (38)

Equation (38) leads to

U =
¡ E1i c

D1 ¡ C1 c 2
W (39)
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Fig. 3 Dispersive curves in Timoshenko beam model:r , r = 0; j , r = 0:1; m , r = 0:2; ——, r = 0:3; and , r = 0:4:

and Eq. (37) becomes

i (G A)c j c U

¡ (G A)c j + B1 c 2 ¡
E1 A1 c 2

D1 ¡ C1 c 2
¡ ( q I )c x

2 W = 0 (40)

By the substitution of x = c c , the relation between phase velocity
and wave number is obtained by combining Eqs. (36) and (40) as

( q I )c

(G A)c j
c4 ¡

1
c 2

+
( q I )c

( q A)c

+
B1 ¡ E1 A1 D1 ¡ C1 c

2

(G A)c j
c2

+
B1 ¡ E1 A1 D1 ¡ C1 c 2

( q A)c
= 0 (41)

With the nondimensionalexpressions c = ¯c / h and c = c̄
p

(G j / q ),
the phase velocity is obtained as

c̄ =
Y ¡

p
Y 2 ¡ 4X Z

2X

q

G j

1
2

(42)

where

Y =
1

h ¡ 2 ¯c 2
+

( q I )c

( q A)c

+
B1 ¡ E1 A1 (D1 ¡ C1h ¡ 2 ¯c 2)

(G A)c j

(43)

X =
( q I )c

(G A)c j
(44)

Z =
B1 ¡ E1 A1 D1 ¡ C1h ¡ 2 ¯c 2

( q A)c

(45)

With the same materials as in Table 1, the dispersion curves are
plotted in Fig. 3. Consistentwith Fig. 2, the phasevelocitydecreases
as h1 increases for a given wave number. With larger wave number,
the phasevelocity/wavenumber relationshipdeviatesfrom linearity,
consistentwith that of an uncoupled beam. The piezoelectriceffect
based on the Timoshenko model10 is also signi� cant.

To study the asymptotic behavior as the wave number becomes
large, Eq. (41) reduces to

lim
c ! 1

c̄ =
Ȳ ¡ Ȳ 2 ¡ 4X Z̄

2X

q

G j

1
2

(46)

where

Ȳ =
( q I )c

( q A)c

+
B1

(G A)c j
(47a)

Z̄ =
B1

( q A)c

(47b)

Consistent with the results of Kolsky,9 the wave velocities are
bounded at large wave numbers, in contrast to that from the Euler
model. The long-wavelengthlimit (c ! 0) can also be investigated
for the possibility of cutoff frequencies. That is,

x c1 = 0 (48a)

x c2 =
(G A)c j

( q I )c

(48b)

V. Summary
It is shown in this Note that the effect of the piezoelectric ma-

terials on the dispersion properties of a beam can be signi� cant
based on both Euler and Timoshenko10 theory. From the numerical
simulations with the materials in Table 1, we can see that, for a
given wave number, the phase velocity decreases as thicker piezo-
electric materials are used. The asymptotic behavior based on the
Timoshenkobeam model is presentedwhere the cutoff frequency is
a function of the ratio between the shear and � exural rigidity. The
coupled piezoelectriceffects are analyzed by assuming a half-cycle
cosine distribution for the electric potential in the transverse direc-
tion of the beam and imposing a Maxwell equation. The results of
this Note can serve as a reference for future study of wave propaga-
tion in coupled plates as well as in the design of ultrasonic motors
incorporatingpiezoelectricmaterials.
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I. Introduction

I T is important for the designer of ribbed undersea vessels to
understandhow the bucklingand postbucklingbehavior of rings

under externalpressureis affectedby two factors:1) the shapeof the
ring and 2) the centerlineextensibilityor compressibilityof the ring.
In this Note, the simplest case of a circular ring with uniform cross
section is studied. The method of solution used can also be applied
to rings pressurized internally, such as those in aircraft or space
structures. That, however, is a simpler problem to solve because
there is no bifurcation point in the response of such rings. Still, the
two mentioned factors also affect the response of those rings.

Figure 1 shows a circular, compressible ring subjected to a uni-
form external pressure p per unit length of deformed centerline
(which we use because of the way hydrostatic pressure behaves
physically). Such a ring will deform into a smaller circle as the
pressure is increased,until a bifurcationpoint is reached, and then it
will buckle into a noncircular shape. Figure 2 shows three possible
buckled con� gurations. In Fig. 2a, the deformed centerlinehas two
axes of symmetry, and integration is required from point A to point
B only. In Fig. 2b, the deformed shape has only one axis of sym-
metry, requiring integration from A to C. Finally, in Fig. 2c, there
is no symmetry, and the integration must be carried out from A all
the way around and back to point A.

The only problems previously solved in the literature have as-
sumed that the ring has uniform cross-sectionalarea A and uniform
moment of inertia I along its centerline, and only the doubly sym-
metric mode of buckling has been considered. The method used
in the present Note is not restricted to uniform section properties.
These may vary along the centerline.Then, if the original circle has
only the x axis as an axis of symmetry with respect to the section
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properties, the buckled shape might also be singly symmetric, in
which case Fig. 2b would apply. If the original circle lacked any
symmetry whatever in the section properties, then Fig. 2c would
apply. The present Note, however, deals only with the doubly sym-
metric mode. It shows how the buckling and postbucklingbehavior
of symmetrical circular rings is affectedby the axial compressibility
of the ring.

Previous recent work on problems similar to this has been done
by Wang1 and Fu and Waas.2 Because the ring in Wang’s1 problem
contained a hinge at point C, he had to assume a singly symmet-
ric deformed con� guration similar to that in Fig. 2b. The results
obtained, however, were limited to incompressible rings. Fu and
Waas2 consideredthick rings, as we do in the presentNote, but their
results were limited to the initial postbuckling stage. Our method
permits analysis of the entire postbuckling regime.

The buckling of rings under hydrostatic,constantlydirected, and
centrally directed pressureusing classical energy approaches is dis-
cussed by El Naschie.3 His book is also a source of references to
earlier works on circular rings.

II. Theory
Table 1 shows the nonlinear boundary-value problem that de-

scribes the buckled ring for the case of doubly symmetric deforma-
tion (as well as describing the compressed circular ring before the
criticalpressureis reached). The equations in Table 1 are taken from
the work of Huddleston4 and are not restricted to slender rings ex-
cept insofaras the underlyingassumptionthat plane sections remain
plane ultimately limits the thickness of the ring. It is dif� cult to say
at what thickness our results are appreciably affected by this limi-
tation because shear deformations enter the picture for thick rings
and shear deformationsin curved members are not well understood.
The notation in Table 1 is as follows:

s0 = distance along original centerline measured from point A
h = angle of inclination of � nal centerline at each point
n = � nal x coordinate of general point
g = � nal y coordinate of general point
s = distance along � nal centerline measured from point A
K0 = original curvature of centerline
N = normal force at general cross section
M = bending moment at general cross section
E = Young’s modulus
A = cross-sectionalarea
I 0 = section property, de� ned by

A

y2

1 ¡ K0 y
dA

where the y in this integral is a coordinate from the centroidal axis
of the cross section to the general point on the cross section.

Actually, the differential equations in Table 1 are not restricted
to circular rings. They apply to rings of any original shape, as long
as the original curvature at each point along the centerline is used
during the integration process.

Because of the need to � nd N and M at each point during the
integration,the four geometricdifferentialequationsin Table 1 must

Fig. 1 Compressible circular ring under hydrostatic pressure.


